We study mean curvature flow by Allen-Cahn equation with an unconditionally stable second-order hybrid numerical method. The method is based on operator splitting techniques. We present various numerical experiments to confirm the accuracy, efficiency, and stability of our proposed method.
Introduction
In this paper, we study mean curvature flow by the Allen-Cahn (AC) equation [1] .
∂c(x, t) ∂t = − F (c(x, t))
2 + ∆c(x, t), x ∈ Ω, 0 < t ≤ T,
where
) is a domain. The boundary condition is
where ∂ ∂n denotes the normal derivative on ∂Ω. The quantity c(x, t) is defined to be the difference between the concentrations of the two mixtures' components. The function F (c) = 0.25(c 2 − 1) 2 is the Helmholtz free-energy density [21] as shown in Fig. 1 . The small constant is the gradient energy coefficient related to the interfacial energy. The AC equation was originally introduced as a phenomenological model for antiphase domain coarsening in a binary alloy [1] . The AC equation and its various modified equations have been applied to a wide range of problems such as phase transitions [1] , image analysis [2, 10] , the motion by mean curvature [3, 13, 16, 18, 19, 22] , two-phase fluid flows such as the retraction, pinch-off of a liquid filament, and the formation of drops [27] , and crystal growth [5, 26] . Therefore, understanding its dynamics is important. This paper is organized as follows. In Section 2, we describe an unconditionally stable second-order hybrid numerical method for the Allen-Cahn equation. We investigate the AC equation numerically in Section 3. In Section 4, conclusions are given.
A splitting operator algorithm
In this section, we describe an unconditionally stable second-order hybrid numerical method for the Allen-Cahn equation. For simplicity of exposition, we shall discretize the AC equation in one-dimensional space, i.e., Ω = (a, b). Two and three-dimensional discretizations are defined analogously. Let N be a positive even integer, h = (b − a)/N be the uniform grid size, and Ω h = {x i = (i − 0.5)h, 1 ≤ i ≤ N } be the set of cell-centers. Let c n i be approximations of c(x i , n∆t), where ∆t = T /N t is the time step, T is the final time, and N t is the total number of time steps. We first implement the zero Neumann boundary condition, Eq. (2), by requiring that for each n,
where the discrete differentiation operator is ∇ h c n i+
)/h and a discrete l 2 inner product by
where c = (c 1 , c 2 , · · · , c N ). We also define the discrete l 2 and maximum norms as ||c|| h = c, c h and c ∞ = max
We use the following operator splitting scheme, which is unconditionally stable second-order accurate hybrid scheme.
We solve the implicit discrete Eq. (3) by a multigrid method [4, 24] . We can consider Eq. (4) is an approximation of the equation
by an implicit Euler's method with an initial condition c * . We can solve Eq. (5) analytically by the method of separation of variables [23] and the solution is given as
The operator splitting algorithm is schematically shown in Fig. 2 . 
Numerical experiments
In this section, we perform the following numerical tests such as motion by mean curvature. Across the interfacial regions, the concentration field varies from −0.9 to 0.9 over a distance of about 2 √ 2 tanh
(0.9). Therefore, if we want this value to be about m grid points, then we need to take the value as
.
Microscopic theory for antiphase boundary motion
The kinetic equations [29] of continuous ordering reflect the fact that the long-range order parameter c is not a conserved quantity. Then the AC equation is provided, since the free energy is not at a minimum with respect to a local variation in c. And we assume that the principal radii of curvature of the APB are large compared to the equilibrium thickness and that initially the normal profile of the APB. Firstly suppose m as followed: Where m is unit vector normal to the surfaces of constant and m r is the rate of change of m in the direction of r coordinate, shown in Fig. 3 . Then the term ∆c can be rewritten as following:
Since the divergence of unit normal vector to a surface is equal to the negative of the mean curvature (κ 1 + κ 2 ), we have for the kinetic equation.
where κ 1 and κ 2 are the principal curvatures of the surfaces. And for planar interfaces at equilibrium, dE (the finite differentiable increment of the energy of AC equation) has its minimum value. Then
And at c(r, t) = 0, the velocity of a constant c surface in the interface region is given by
Therefore all surfaces of constant at a point in the interface will move with the same velocity V , given by these above equations as
where R 1 , R 2 are the principal radii of curvatures at the point of the surface [1] .
In two dimensions, with a single radius of curvature, Eq. (8)
It is a well known phenomenological theory which states that the velocity is proportional to surface free energy multiplied by mean curvature. And also it was first formally proved that, as → 0, the zero level set of c, denoted by Γ t := {x ∈ Ω : c(x, t) = 0} approaches to a surface Γ t that evolves according to the geometric law.
Furthermore, as we known in d-dimensions, with same radii of curvature, Eq. (8) also becomes
If we set the initial radius of the circular region to R 0 and denote the radius at time t as R(t), then Eq. (9) 
becomes dR(t)/dt = (1 − d)/R(t). Its solution is given as
R(t) = R 2 0 + 2(1 − d)t.(10)
Mean curvature flow
Numerical simulations of surfaces evolving according to their mean curvature are presented. First, we perform a two-dimensional test with the following initial condition as shown in Fig. 4(a) .
on the computational domain Ω = (0, 8) × (0, 8) with a 128 × 128 mesh, 10 , and a time step ∆t = 0.0645h. In Fig. 4 , the largest, middle, and smallest circles are contours at the levels c = −0.9, c = 0, and c = 0.9, respectively. As time evolves, the interfacial transition region (from c = −0.9 to c = 0.9) is almost constant. In Fig. 5 , we show temporal evolution of radii of contours at the levels c = −0.9, c = 0, and c = 0.9, respectively. Then the Eq. (7) can also be rewritten as
As shown in the figure.(3) , the point c, which is a positive number, has a less radii than that point with the negative number. But the character of first section is just the opposite radius with its radii in the above Eq. That is, the point c, whose distance from center is smaller, received a smaller negative variation. On the contrary it will be provided by some positive variations. That conclusion also is proved by shown in Figure. (5).
By solving the Allen-Cahn equation representing a model for antiphase domain coarsening in a binary mixture, that is more unconditionally and faster than the exact solution, which is provided by Eq.(13), though there is some admissible error in the Allen-Cahn equation. Fig. 7 . This figure illustrates the radius evolution in three different points in the interface, when every point in the interfaces is suited to the Eq. (12) . Symbols * , •, and denote c = −0.9, c = 0, and c = 0.9 respectively. Lines denote the three above points' real variations respectively..
Traveling wave solutions
We have found traveling wave solutions of Eq. (1) as a following form,
where s = 3/( √ 2 ) is the speed of the traveling wave [6] . In Fig. 8 , the numerical traveling wave solutions (the symbols, '•' and ' * ', represent t = 1/s and t = 2/s, respectively) with an initial profile (dashed line), c(x, y, 0) =
) on a computational domain, Ω = (0, 4) × (0, 1). We choose the final time is T = 2/s, the time step ∆t = T /16, grids 256 × 64, and 10 respectively. In Fig. 9 we show the speed change of a wave-shaped interface in a curvature-driven flow on the computational domain Ω = (0, 8) × (0, 4) with a 512 × 256 mesh, 4 , ∆t = 0.0001 and T = 0.02. The initial configuration is defined as c(x, y, 0) = 1 2 
As shown in Fig.11 , the tips of the star move inward, while the gaps in between the tips move outward. Once it deforms to a circular shape, the radius of the circle shrinks with increasing speed. 
Conclusions
In this paper, we investigated the properties of Allen-Cahn equatino with an unconditionally stable second-order hybrid numerical method. The method is based on operator splitting techniques. First we solved the linear equation by a CrankNicolson scheme and then we analytically solved the nonlinear equation. We presented various numerical experiments to confirm the accuracy, efficiency, and stability of our proposed method. 
